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Abstract. We present a new approach to treat correlations in nonequilibrium
quantum many-particle system. The method is based on ideas of configuration
interaction theory of exact nonperturbative ground state electronic structure
calculations. We use superoperator techniques in Liouville-Fock space and
represent the nonequilibrium density matrix as a linear combination of all possible
nonequilibrium quasiparticle excitations built on the appropriate reference state. As an
example we consider the electron transport through the system with electron-phonon
interaction. The concept of embedding (buffer zones between the reservoirs and the
correlated quantum system) is used to derive an exact master equation for the reduced
density matrix. Using approximate (truncated) expansion of the trial density matrix
we obtain the linear system of equations for two-quasiparticle amplitudes. Then we
compute the steady-state current and compare the result with other approaches. The
current conserving property of the method is proved.
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1. Introduction
The description of correlated quantum many-body systems far from equilibrium remains
one of the challenging problems in modern statistical mechanics, quantum field theory,
nuclear, atomic, molecular and condensed matter physics.[1, 2, 3] Most of theoretical
approaches are based on Keldysh nonequilibrium Green’s functions (NEGF) which
enables perturbative treatment of nonequilibrium many-body systems.[4, 3] NEGF also
allows systematic summation of specific classes of nonequilibrium diagrams, for example,
random phase approximation[5] or GW theory.[6] Nonperturbative methods, such as,
numerical renormalization group theory, are also available but often restricted to the
oversimplified model systems.[7] In this paper we propose a new theoretical method –
nonequilibrium configuration interaction (NECI) which, in principle, is able to achieve
the exact solution of the nonequilibrium problem. The suggested approach is not based
on the perturbative expansion in the interaction strength (electron-electron or electron-
phonon) but provides an expansion of the nonequilibrium density matrix in terms of
multi-quasiparticle and multi-phonon excitations over the reference state. Each term in
such expansion includes an infinite series in the interaction strength and for this reason
we consider our method as an nonperturbative one.
The remainder of the paper is organized as follows. In Sec. 2, we introduce the
Lindblad master equation for an embedded system and its superoperator representation.
Section 3 presents the nonequilibrium configuration interaction method. We discuss
two different truncated expansions for the density matrix and apply the theory to
calculate the steady-state current. In this section, we also proof that NECI method
is current conserving. The numerical NECI calculations of the steady-state current
and comparison with the results obtained with the nonequilibrium Green’s function
formalism are presented in Sec. 4. Conclusions are given in Sec. 5. Appendix A contains
a summary of the superoperator formalism. We use natural units throughout the paper:
~ = kB = |e| = 1, where −|e| is the electron charge.
2. Lindblad master equation in Liouville-Fock space
As shown in Figure 1, we consider a model of nonequilibrium many-body theory: the
interacting quantum system (central region) connected to two noninteracting electrodes,
left (L) and right (R), maintained with different chemical potentials, µL and µR, and the
same temperature T . To be specific, we focus on the electron transport problem through
one electronic single-particle level with energy ε0 coupled linearly to a vibrational mode
(phonon) of frequency ω0 (the so called local Holstein model). Thus, the central region
Hamiltonian is
HS = ε0a
†a+ ω0d
†d+ κa†a(d† + d), (1)
where a† (a) and d† (d) are electron and phonon creation (annihilation) operators,
respectively. The left and right electrodes are modeled as semi-infinite tight-binding
chains of atoms characterized by the hopping matrix element Vα and the on-site energy
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Figure 1. Schematic illustration of embedding of an open, interacting quantum
system. Upper part: Each electrode is divided into a macroscopic reservoir and a
finite buffer zone. The region enclosed by the red dashed line is the embedded system.
Lower part: The projection of the reservoirs results into the Lindblad master equation
for the reduced density matrix of the embedded quantum system. Each buffer zone
energy level εkα is connected to the dissipator and the central region.
ǫα (α = L, R). The coupling between the cental region and the end site of α electrode
is given by the matrix element tα.
We replace the infinite system by a finite one using open boundary conditions. To
this end each electrode is partitioned into two parts: the macroscopically large reservoir
and the finite buffer zone between the central region and the reservoir. ‡ We assume
that each buffer zone contains N atoms. The Hamiltonian of the whole system takes
the form
H = HS +HSB +HB +HBR +HR. (2)
In the energy representation the reservoir and the buffer zone Hamiltonians are diagonal
HR =
∑
lα
εlαa
†
lαalα, HB =
∑
kα
εkαa
†
kαakα, (3)
where εlα denote the continuum single-particle spectra of the left (α = L) and right
(α = R) reservoir states, while the buffer zones have discrete energy spectrum εkα
( k = 1, . . . , N). The buffer-reservoir and central region-buffer couplings have the
standard tunneling form:
HBR =
∑
lkα
(vlkαa
†
lαakα + h.c.), (4)
‡ The idea of the buffer zone was first proposed by us[8, 9, 10] and then also employed by Ajisaka et
al.[11]
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HSB =
∑
kα
(tkαa
†
kαa+ h.c.). (5)
Projecting out the reservoir degrees of freedom from the Liouville-von Neumann
equation for the total density matrix, we obtain Lindblad master equation for the
reduced density matrix of the embedded system (central region + finite buffer zones)
[10, 12]
i
∂ρ(t)
∂t
= [H, ρ(t)] + iΠρ(t). (6)
Here, H is the Hamiltonian of the embedded system which includes the Lamb shift of
the buffer zone single-particle levels
H = HS +HSB +HB +
∑
kα
∆kαa
†
kαakα, (7)
and Πρ(t) is the non-Hermitian dissipator given by the standard Lindblad form
Πρ(t) =
∑
kα
∑
µ=1,2
(
2Lkαµρ(t)L
†
kαµ − {L
†
kαµLkαµ, ρ(t)}
)
. (8)
The operators Lkα1 and Lkα2 are referred to as the Lindblad operators, which represent
the buffer-reservoir interaction. They have the following form:
Lkα1 =
√
Γkα1akα, Lkα2 =
√
Γkα2a
†
kα. (9)
with Γkα1 = γkα(1−fkα), Γkα2 = γkαfkα. Here fkα = [1+e
(εkα−µα)/T ]−1 and γkα (∆kα) is
the imaginary (real) part of the self-energy arising from the buffer-reservoir interaction∑
l |vlkα|
2/(εkα − εlα + i0
+).
The Lindblad master equation (6) describes the time evolution of an open
embedded quantum system preserving Hermiticity, normalization, and positivity of the
nonequilibrium density matrix. Open boundary conditions are taken into account by
the non-Hermitian dissipative part, Πρ(t), which represents the influence of the reservoir
on the buffer zone. The applied bias potential enters into the master equation via
fermionic occupation numbers fkα which depend on the temperature and the chemical
potential in the left and right electrodes. We have recently demonstrated that this
embedding procedure makes the master equation (6) exact in the steady-state regime, if
the buffer zones are large enough to cure the deficiencies of Born-Markov approximation
for treating the buffer-reservoir interface.[8, 9, 10]
The Lindblad master equation (6) is not gauge invariant with respect to the applied
voltage bias, which is the difference between the chemical potentials of left and right
reservoirs. To make the theory gauge invariant (for static electric field) one should add
electrostatic potential which is obtained by solving Poisson equation with appropriate
boundary conditions (electrictrostatic potential should be µL at the left boundary and
µR at the right boundary). We do not solve the Poisson equation in this paper. Since
we anyway choose the model hamiltonian for the buffer zones and for the system, the
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introducing the Poisson equation is unnecessary complication which does not have any
importance for the results discussed here.
We use a superoperator formalism and convert the Lindblad master equation (6) to
the non-Hermitian Schro¨edinger-like equation for the nonequilibrium density matrix.[9,
10] Within the superoperator formalism the density matrix is considered as a vector in
the Liouville-Fock space and all other operators as superoperators. In fact this Liouville-
Fock space is nothing else but the CAR/CCR algebra of observables which admit the
Gelfand-Naimark-Segal (GNS) representation, while the Liouville superoperator defined
below is the generator of dynamics in this larger space. In Appendix A we present a
brief summary of the formalism and demonstrate how to convert the Lindblad master
equation into a superoperator form. The resulting equation is
i
∂
∂t
|ρ(t)〉 = (Hˆ − H˜ − i
∑
kα
Πkα) |ρ(t)〉 = L |ρ(t)〉. (10)
Here, the superoperators Hˆ = HˆS + HˆSB + HˆB and H˜ = H˜S + H˜SB + H˜B are obtained
from the Hamiltonian (7) by replacing ordinary creation and annihilation operators a†, a
with non-tilde, aˆ†, aˆ, and tilde, a˜†, a˜, superoperators, respectively (note that we include
the Lamb shift into HB). The dissipators are given by
Πkα =(Γkα1 − Γkα2)(aˆ
†
kαaˆkα + a˜
†
kαa˜kα)
− 2i(Γkα1a˜kαaˆkα + Γkα2a˜
†
kαaˆ
†
kα) + 2Γkα2. (11)
The Liouville superoperator L is non-Hermitian because of Πkα. Some other important
properties of L are discussed in Appendix A. In particular, the relation 〈I|L = 0 holds,
where the Liouville-Fock space bra-vector 〈I| corresponds to the unit operator I.
We focus our attention on asymptotic (t → ∞) nonequilibrium steady-state
situation, where the density matrix |ρ(t)〉 does not depend on time. Therefore the
problem is reduced to the problem of finding the right zero-eigenvalue eigenvector (i.e.,
the null-space) of the non-Hermitian infinite-dimensional Liouville superoperator
L |ρ〉 = 0. (12)
Knowing the solution of (12), we can compute the steady-state current into the central
region from α buffer zone as
Jα = 〈I|Jˆα|ρ〉, (13)
where
Jˆα = −i
∑
k
tkα(aˆ
†
kαaˆ− aˆ
†aˆkα) (14)
is the current superoperator.
In the next section we discuss the development of NECI method to solve
equation (12). We also present the application of NECI to compute the steady-
state current through the central region. But before proceeding, we would like to
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say some words about the existence and uniqueness of the solution of Eq. (12). For
a finite open quantum system described by the Lindblad master equation the sufficient
conditions for the existence and uniqueness of the steady state are provided by the
Spohn theorems [13, 14]. To the best of our knowledge, there is no explicit conditions
guaranteeing the uniqueness of the solution of Eq. (12) for infinite systems like the
considered model with electron-phonon correlations. However, if we introduce the
physical high-energy cut off for phonon states we find that the conditions of Spohn’s
theorems are satisfied. This gives us the good reason to think (and this observation is
also supported by our numerical calculations) that the solution of Eq. (12) exists and it
is unique.
3. Configuration interaction method for nonequilibrium density matrix
In the beginning of the section, we make the important remark on the notation use
in the rest of the paper: only creation/annihilation superoperators written with letters
a, d (such as for example aˆbα and aˆ
†
bα) are related to each other by the Hermitian
conjugation; all other creation cˆ†, bˆ†, γˆ† and annihilation cˆ, bˆ, γˆ superoperators (as
well as their tilde-conjugated partners) are ”canonically conjugated” to each other, i.e.,
for example, cˆ† does not mean (cˆ)† although cˆcˆ† ± cˆ†cˆ = 1 (± - bosons/fermions).
3.1. Nonequilibrium quasiparticles
Let us introduce nonequilibrium quasiparticle creation and annihilation superoperators,
which are the basic building blocks for the NECI method. We start by decomposing the
Liouvillian as
L = L(0) + L′, (15)
where L(0) = L
(0)
el + L
(0)
ph is the Liouvillian for noninteracting electrons and phonons,
L
(0)
el = ε0(aˆ
†aˆ− a˜†a˜) + (HˆSB + HˆB − t.c.)− i
∑
kα
Πkα,
L
(0)
ph = ω0(dˆ
†dˆ− d˜†d˜), (16)
while L′ represents the interaction between them
L′ = κ{aˆ†aˆ(dˆ† + dˆ)− t.c.} (17)
Hereinafter, the notation ’t.c’ stands for tilde conjugated superoperators (see the tilde-
conjugation rules in Appendix A).
Nonequilibrium quasiparticles are defined by diagonalizing the electronic
part of L(0):
L
(0)
el =
∑
n
(Ωncˆ
†
ncˆn − Ω
∗
nc˜
†
nc˜n), (18)
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where 1 ≤ n ≤ 2N + 1. Using the equation of motion method we find non-unitary (but
canonical) Bogoliubov transformation which diagonalizes L
(0)
el :
cˆn = ψnbˆ+ iϕnb˜
† +
∑
kα
(ψn,kαbˆ
†
kα + iϕn,kαb˜
†
kα),
cˆ†n = ψnbˆ
† +
∑
kα
ψn,kαbˆ
†
kα, c˜n = (cˆn)˜ , c˜
†
n = (cˆ
†
n)˜ , (19)
where
bˆ† = aˆ† − ia˜, bˆ = aˆ, b˜† = (bˆ†)˜ , b˜ = (bˆ)˜ ,
bˆ†kα = aˆ
†
kα − ia˜kα, bˆkα = (1− fkα)aˆkα − ifkαa˜
†
kα,
b˜†kα = (bˆ
†
kα)˜ , b˜kα = (bˆkα)˜ , (20)
Amplitudes ψ, ϕ are the solution of the following systems of equations
ε0ψn −
∑
kα
tkαψn,bα = Ωnψn,
Ekαψn,kα − tkαψn = Ωnψn,kα, (21)
and
(ε0 − Ωn)ϕn −
∑
kα
tkαϕn,kα =
∑
kα
tkαfkαψn,kα,
(E∗kα − Ωn)ϕn,kα − tkαϕn = −tkαfkαψn. (22)
with Ekα = εkα + ∆kα − iγkα. By solving the eigenvalue problem (21) we also obtain
the quasiparticle spectrum Ωn, −Ω
∗
n.
Taking into account property (A.7), we see that 〈I| is a vacuum state for cˆ†n and
c˜†n superoperators,
〈I| cˆ†n = 〈I| c˜
†
n = 0. (23)
Although superoperators cˆ†n and cˆn (c˜
†
n and c˜
†) are not Hermitian conjugate to
each other, they obey the fermionic anticommutation relations. Particularly, from
{cˆ†n, cˆn} = 1 it follows that ψ amplitudes are normalized according to
(ψn)
2 +
∑
kα
(ψkα)
2 = 1. (24)
Other useful relations between amplitudes ψ, ϕ can derived by making use the
transformation inverse to (19) (see relations (A4) in our previous paper [8]) and
computing the anticommutators. For example
{bˆ, b˜†kα} = 0, ⇒
∑
n
(ϕn,kαψn − ψ
∗
n,kαϕ
∗
n) = 0;
{bˆ, bˆ†kα} = 0, ⇒
∑
n
ψn,kαψn = 0. (25)
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To compute the steady-state curent (13) we need to express the current
superoperator Jˆα in terms of quasiparticle superoperators. By doing so and taking into
account property (23), we obtain the following expression for the steady-state current
Jα = 〈I|Jˆα|ρ〉 = −2Im
∑
m,k
tkαψm
(
ϕm,kα +
∑
n
ψ∗n,kαFmn
)
, (26)
where Fmn = −i〈I|c˜ncˆm|ρ〉 is the two-quasiparticle amplitude. Note, that this is an
exact expression for the steady-state current. The only problem is to find the unknown
Fmn.
In the absence of electron-phonon interaction, i.e., when the nonequilibrium density
matrix does not contain quasiparticle excitations, the current through the central region
is given by the first terms in (26). In what follows we will refer to this current as a
free-field current J
(0)
α . The correction to the free-field current, ∆Jα, is given by the
second term involving Fmn. In [10], it was shown how to compute Fmn making use
of the perturbation theory. In the following subsections we demonstrate how to find
Fmn within the NECI approach using different reference states for the density matrix
expansion, namely, free-field and coherent reference states.
3.2. NECI expansion on free-field vacuum as a reference state
To write the configuration interaction expansion of the density matrix we need to define
the reference state. In this paper, we consider two natural choices: a vacuum reference
state (considered in the section - NECI expansion) and coherent state reference state
(considered in section 3.3 , and denoted as NECI* expansion). We define the free-field
reference state as the steady-state density matrix in the absence of electron-phonon
interaction, i.e., |ρ(0)〉 = |ρ(0)〉el |ρ
(0)〉ph and
L(0) |ρ(0)〉 = 0. (27)
The density matrix |ρ(0)〉el is a vacuum state for nonequilibrium quasiparticles, i.e.,
cˆn |ρ
(0)〉el = c˜n |ρ
(0)〉el = 0. (28)
To determine |ρ(0)〉ph we take into account the possibility that the phonon subsystem
can contain a certain number of thermally excited vibrational quanta. Let Nω be the
number of thermally excited phonons, i.e.,
Nω = 〈I| dˆ
†dˆ |ρ(0)〉ph. (29)
It is convenient to perform a non-unitary canonical transformation and introduce new
phonon operators
γˆ = (1 +Nω)dˆ−Nωd˜
†,
γˆ† = dˆ† − d˜ (30)
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and their tilde conjugated partners γ˜, γ˜† such that |ρ(0)〉ph is the vacuum state for γˆ, γ˜
superoperators,
γˆ |ρ(0)〉ph = γ˜ |ρ
(0)〉ph = 0, (31)
while 〈I| is the vacuum for γˆ†, γ˜† superoperators (see property (A.7) in Appendix).
Now, the free-field Liouvillian takes the form
L(0) =
∑
n
(Ωncˆ
†
ncˆn − Ω
∗
nc˜
†
nc˜n) + ω0(γˆ
†γˆ − γ˜†γ˜), (32)
and the vacuum state |ρ(0)〉 for annihilation superoperators cˆn, c˜n, γˆ, γ˜ is the free-field
reference state obeying condition (27). The free-field density matrix |ρ(0)〉 is normalized
according to 〈I|ρ(0)〉 = 1.
Due to the electron-phonon interaction the exact steady-state density matrix
contains multi-quasiparticle and multi-phonon excitations above the free-field density
matrix. We are looking for the exact steady-state density matrix in the form
|ρ〉 = (1 + S) |ρ(0)〉, (33)
where the operator S is given by the infinite power series of creation superoperators
S =
∞∑
i=1
αiQ
†
i , Q
†
i = cˆ
†
m1 . . . cˆ
†
mk
c˜†n1 . . . c˜
†
nl
(γˆ†)p(γ˜†)q. (34)
Defined this way, the density matrix is normalized according to 〈I |ρ〉 = 1, as 〈I| is a
vacuum for quasiparticle and phonon creation superoperators. Since the density matrix
is tilde-invariant (see the definition in Appendix A), the superoperator S obeys the
property S = (S )˜ , i.e. it remains the same if we complex conjugate all αi and replace
the non-tilde superoperators by the tilde ones and vice versa.
We demand that the steady-state density matrix obeys the equation L |ρ〉 = 0,
therefore {
SL′ + [L(0) + L′, S]
}
|ρ(0)〉 = −L′ |ρ(0)〉. (35)
This superoperator equation is equivalent to the infinite inhomogeneous system of linear
equations for αi amplitudes in the expansion for nonequilibrium density matrix (34).
Any truncation in the expansion (34) leads to approximate solution of equation (35).
Here, we consider the simplest form of S which allows us to calculate the correction
for the free-field current. Namely,
S = i
∑
mn
(Fmn + Zmnγˆ
† + Z∗nmγ˜
†)cˆ†mc˜
†
n +W (γˆ
† + γ˜†), (36)
where Fnm = F
∗
mn andW is a real number. Inclusion ofW and Z terms into the density
matrix expansion is necessary, since cˆ†mc˜
†
nγˆ
†, γˆ† configurations and their tilde-conjugate
contribute to the right-hand side of (35) (see the expression for L′ below). If we neglect
them, we observe a homogeneous linear system having a trivial solution. In this sense,
these terms are correlations inducing terms.
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In order to find equations for the amplitudes F, Z, W we first express L′ in terms
of nonequilibrium quasiparticle superoperators:
L′ =κ
∑
mn
{[
L(1)mnγˆ
† + L(2)mnγ˜
† + L(3)mn(γˆ + γ˜)
]
cˆ†mcˆn − t.c.
}
−iκ
∑
mn
[
L(4)mnγˆ
† − (L(4)nm)
∗γ˜† + L(5)mn(γˆ + γ˜)
]
cˆ†mc˜
†
n
−iκ
∑
mn
L(6)mn(γˆ
† − γ˜†)cˆmc˜n + κn
(0)(γˆ† − γ˜†). (37)
Here the coefficients L
(p)
mn are
L(1)mn =
[
(ψm − ϕm) +Nωψm
]
ψn,
L(2)mn =
[
ϕm +Nωψm
]
ψn, L
(3)
mn = ψmψn,
L(4)mn =
[
(ψm − ϕm)ϕ
∗
n +Nω(ψmϕ
∗
n − ϕmψ
∗
n)
]
L(5)mn = ψmϕ
∗
n − ϕmψ
∗
n, L
(6)
mn = ψmψ
∗
n, (38)
and n(0) = 〈I|aˆ†aˆ|ρ(0)〉 =
∑
n ψnϕn is the free-field population of the electron level.
Note, that after normal ordering L′ does not involve terms containing annihilation
superoperators only. Therefore, the condition 〈I|L = 0 is fulfilled.
Substituting S given by (36) into (35) and demanding equation (35) to be fulfilled
up to terms included into S we derive the system of linear equations for unknown
amplitudes:
Fmn(Ωm − Ω
∗
n) + κ
∑
i
L
(3)
mi[Zin + Z
∗
ni]− κ
∑
i
(L
(3)
ni )
∗[Zmi + Z
∗
im]− 2κL
(5)
mnW = 0
Zmn(Ωm − Ω
∗
n + ω0) + κn
(0)Fmn + κ
∑
i
[L
(1)
miFin − (L
(2)
ni )
∗Fmi] = κL
(4)
mn
Wω0−κ
∑
mn
L(6)mnFmn = −κn
(0). (39)
It should be pointed out that the first and the last equations above are exact in the
sense that the inclusion of other terms into S does not modify these equations.
Before finishing this subsection it should be mentioned that Prosen has recently
proposed in a series of papers[15, 16] a theoretical method for the exact solution of the
nonequilibrium XXZ spin chain model. Prosen’s method is based on the expression of
nonequilibrium steady state matrix as a matrix product operator (MPO) with infinite
rank nearly diagonal matrices. If we perform Jordan-Wigner transformation to map
Pauli matrices to fermion creation/annihilation operators, act by MPO ρˆ to left vacuum
vector |I〉, and use our tilde substitution rules, then MPO anzats of Prosen becomes
physically equivalent to our NECI expansion (33). However, we would like to note that
NECI expansion is more general than MPO anzats, because it is not restricted to any
specific Hamiltonian and applicable to nonequilibrium steady-state in any many particle
systems.
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3.3. Coherent reference state for density matrix expansion – NECI*
Within NECI method we have some flexibility in the choice of the reference state.
Ideally, we would like to put as much correlations as possible into the reference state
while maintaining the possibility to define it as a vacuum for some quasiparticle
annihilation operators. L′ given by (37) contains the term κn(0)(γˆ† − γ˜†) which can
be eliminated by the non-unitary canonical transformation
ξˆ† = γˆ†, ξˆ = γˆ + κ
n(0)
ω0
(40)
and ξ˜† = (ξˆ†)˜ , ξ˜ = (ξˆ)˜ . The vacuum of the ”shifted” phonon operators is the coherent
state
|ρ(∗)〉 = exp
{
−κ
n(0)
ω0
(γˆ† + γ˜†)
}
|ρ(0)〉, (41)
normalized according to 〈I| ρ(∗)〉 = 1. To distinguish from the NECI expansion on the
free-field reference state, we denote the present method as NECI∗. The advantage of
NECI∗ approach is that it effectively includes multi-phonon excitation and de-excitation
processes via the exponent (41) in the coherent reference state.
The derivations are very similar to NECI presented in section 3.2. The only
difference is that the Liouvillian and operator S are expressed in terms of shifted phonon
operators ξ:
L(0) =
∑
n
(Ωncˆ
†
ncˆn − Ω
∗
nc˜
†
nc˜n) + ω0(ξˆ
†ξˆ − ξ˜†ξ˜), (42)
L′ =− 2κ2
n(0)
ω0
∑
mn
{[
L(3)mncˆ
†
mcˆn − t.c.
]
− iL(5)mncˆ
†
mc˜
†
n
}
+κ
∑
mn
{[
L(1)mnξˆ
† + L(2)mnξ˜
† + L(3)mn(ξˆ + ξ˜)
]
cˆ†mcˆn − t.c.
}
−iκ
∑
mn
[
L(4)mnξˆ
† − (L(4)nm)
∗ξ˜† + L(5)mn(ξˆ + ξ˜)
]
cˆ†mc˜
†
n
−iκ
∑
mn
L(6)mn(ξˆ
† − ξ˜†)cˆmc˜n, (43)
and
S = i
∑
mn
(Fmn + Zmnξˆ
† + Z∗nmξ˜
†)cˆ†mc˜
†
n +W (ξˆ
† + ξ˜†). (44)
Demanding that (1 + S) |ρ(∗)〉 is the steady state density matrix, we obtain the
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following system of equations
Fmn(Ωm − Ω
∗
n)−
2κ2n(0)
ω0
∑
i
[L
(3)
miFin − (L
(3)
ni )
∗Fmi]
+ κ
∑
i
L
(3)
mi [Zin + Z
∗
ni]− κ
∑
i
(L
(3)
ni )
∗[Zmi + Z
∗
im]− 2κL
(5)
mnW = −
2κ2n(0)
ω0
L(5)mn
Zmn(Ωm − Ω
∗
n + ω0) + κ
∑
i
[L
(1)
miFin − (L
(2)
ni )
∗Fmi]
−
2κ2n(0)
ω0
∑
i
[L
(3)
miZin − (L
(3)
ni )
∗Zmi] +
2κ2n(0)
ω0
L(5)mnW = κL
(4)
mn
Wω0 − κ
∑
mn
L(6)mnFmn = 0. (45)
Solving this system we compute the two-quasiparticle amplitudes Fmn and, hence, obtain
the NECI∗ correction to the free-field current.
3.4. Current-conserving properties of the theory
The truncation of the density matrix expansion introduces approximations into the
theory. It is important to ensure that observables computed with the truncated density
matrix still satisfy conservation laws dictated by the symmetries of the underlying
Hamiltonian.[17, 18, 19] For the electron transport problem it is particularly important
to demonstrate that the proposed configuration interaction theory preserves the particle
number continuity equation in all orders of configurations included into the density
matrix. To this end, we are going to prove that there is no artificial current leakage
from the system introduced by the approximations and the current which enters the
system from the left reservoir is exactly the same as the current which leaves the system
to the right reservoir:
JL + JR = 0. (46)
Let us first prove the current conservation in the free-field approximation. Indeed,
the following equality is true
J
(0)
L + J
(0)
R = −2Im
∑
n,kα
tkαϕn,kαψn
= −Im
∑
n,kα
tkα(ϕn,kαψn − ψn,kαϕn) = Im
∑
n,kα
tkαfkαψn,kαψn = 0. (47)
Here, we have used relations (25) as well as the first equations in (21) and (22).
The solution of system (39) (or (45)) provides us the two-quasiparticle amplitudes
Fmn and the NECI (NECI
∗) correction ∆Jα to the free-field current (see equation (26)).
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With the help of the first equation in (21) and using the property Fnm = F
∗
mn we find
∆JL +∆JR = −2Im
∑
mn,kα
tkαψ
∗
n,kαψmFmn
= −2Im
∑
mn
ψmψ
∗
n(ε0 − Ω
∗
n)Fmn = −Im
∑
mn
ψmψ
∗
n(Ωm − Ω
∗
n)Fmn. (48)
Expressing (Ωm − Ω
∗
n)Fmn from the first exact equation in (39) (or (45)) and taking
into account the explicit expressions for L
(3)
mn, L
(5)
mn we find that ∆JL +∆JR = 0. Note
that this result does not depend on the particular choice of S, i.e. it is valid for any
truncated NECI (or NECI∗) expansion.
Thus, the presented configuration interaction theory is current-conserving in all
orders of nonequilibrium quasiparticle configurations included into the density matrix
expansion.
4. Numerical calculations
In our numerical calculations we assume that the applied voltage V symmetrically shifts
the on-site energies, i.e., ǫL,R = ±0.5V . Additionally, we assume that the electrodes are
half filled, i.e., the corresponding left and right chemical potentials are positioned at ǫL,R.
We choose the following parameters of the electrodes: VL = VR = 2.5, tL = tR = 1.0
and the temperature is T = 0.1. We set the applied voltage V = 1.0.
In what follows, in the calculations based on the Lindblad master equation, we take
a finite chain of N atoms from each electrode for a buffer zone. Therefore the energy
spectrum of each buffer zone is given by[20]
εkα = ǫα + 2Vα cos
( πk
N + 1
)
, k = 1, . . . , N. (49)
and the tunneling matrix elements in (5) are
tkα = tα
√
2
N + 1
sin
( πk
N + 1
)
. (50)
The parameter γkα in Lindblad operators (9) is taken to be equal the distance between
neighbor energy levels in the buffer zones, i.e., γkα = εkα − εk+1α.
In our calculations we include N = 800 sites into each buffer zone. This size of
the buffer zone has been proven to give the exact results for the steady-state current
calculated within the mean-field approximation and the second-order perturbation
theory.[8, 9] To justify this choice for NECI calculations we study the convergence of
our results with increasing the size of buffer zones. In Fig. 2 we present the results
of such calculations for particular values of model parameters. Referring to the figure,
we observe that with increasing the size of buffer zones both ∆J (NECI) and ∆J (NECI∗)
converge to some limit values and for N ≥ 800 both ∆J (NECI) and ∆J (NECI∗) are affected
only marginally by increasing N . We have performed the same calculations varying
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Figure 2. NECI (left panel) and NECI∗ (right panel) corrections to the free-field
current calculated for different values of N . The model parameters are κ = 1.0,
ω0 = 1.0, Nω = 0.
κ, ω0, and Nω and found that this observation does not depend on the particular choice
of model parameters. For this reason we take N = 800 for the number of sites in each
buffer zone. However, it should be pointed out, that rigorous results that the expectation
values of operators reach their exact values when the size of the buffer zone increases
are applicable only to operators defined in the system subspace. In Ref. [21] it is shown
that the Lindblad master equation does not provide a good description for the buffer
zones itself, namely, the particle number distributions on the buffer zone differ slightly
(by reasons discussed in the paper) from expectations based on the Landauer formalism.
Let us say some words concerning numerical solution of the systems of
equations (39) and (45). To be specific we consider the system obtained within NECI
theory (for the NECI∗ system we have used the same solution method). The dimension
of the system is of the order of 4M2, whereM = 2N+1. Although the systems is sparse,
it contains about 12M3 nonzero matrix elements. Assuming that each complex number
requires 16 bytes of computer memory, we find that for N = 800 the total system matrix
needs about 700 gigabyte for storage. A required memory size can be reduced drastically
if we contract the indices by introducing the following linear combinations
fn =
∑
m
Fmn, zn =
∑
m
(Zmn + Z
∗
nm) (51)
and their complex conjugate. Note, that the correction to the free-field current can be
written as
∆Jα = −
∑
n,k
tkαψ
∗
n,kαfn. (52)
Then, it is possible to rewrite the system (39) as a system for fn, zn and their complex
conjugate. The obtained system contains 4M + 1 equations and the total number of
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Figure 3. Current through the central region calculated within different approaches
as a function of the level energy, ε0.
nonzero elements is about 6M2. To solve the system we have used standard routines
from Intel MKL Fortran library.
We also would like to compare the results obtained with the present approach with
those calculated with the help of the nonequilibrium Green’s function formalism. For
the net electric current passing through the α electrode to the central region we adopt
the Meir-Wingreeen transport formula [22]
Jα =
∫
dω
2π
{Σ<α (ω)G
>(ω)− Σ>α (ω)G
<(ω)}. (53)
Here G≷ are the greater and lesser Green’s functions, and Σ≷α are the greater and lesser
electrode self-energies. For the model of a semi-infinite chain the electrode self-energies
can be written in an analytical form (see, for example, Ref.[20]). The greater and lesser
Green’s functions can be obtained from the Keldysh equation [23]. To solve this equation
we apply the first Born approximation (1BA) for the electron-phonon self-energy. [24].
Although the 1BA does not generally guarantee current conservation, computationally
it is not as demanding as the self-consistent Born approximation. For weak electron-
phonon coupling the second-order perturbation theory (SOPT) is a good approximation.
In this approximation the greater and lesser Green’s functions can be obtained from the
1BA ones by expanding them with respect to electron-phonon coupling constant up to
κ2 terms.
In figure 3 we compare SOPT and 1BA results for the electron current with the
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results obtained within NECI and NECI∗ method for different values of the central
region parameters. Since the first Born approximation does not guarantee the current
conservation, we plot the 1BA current from the left electrode to the central region as
well as the 1BA current from the central region to the right electrode. In Fig. 3 the
currents are shown as functions of the level energy, ε0. We focus our attention to the
case when ε0 is situated inside of the continuous spectrum of the leads. The latter is
given by Eq. (49) at N → ∞. According to our numerical calculations, we get zero
current through the system when goes to off-resonant when, i.e., regime ε0 is far away
from the leads energies. We do not observe any physically significant differences in the
convergence between resonant and off-resonant regimes.
We first consider the case when Nω = 0, i.e., there is no equilibrium thermally
excited vibrational quanta. As evident from the figure in this case the first Born
approximation does not violate the current conservation significantly since the left and
right currents are close to each other. We see that for a weak coupling (κ = 0.5) all
approaches predict a similar ε0 dependency of the current, which reaches a maximum
value at ε0 ≈ κ
2/ω0. The peak value of the SOPT and 1BA currents slightly exceeds the
NECI and NECI∗ ones. When we increase the electron-phonon coupling (κ = 1.0) both
SOPT and NECI currents become unphysical negative in the off-resonant regime when
the electronic level ε0 is below the electrode chemical potentials. In the resonant regime
SOPT and NECI currents significantly overestimate the results of other approaches. In
addition, comparing NECI∗-based calculations with other calculations, we can see that
NECI∗ approach gives the current peak position at ε0 ≈ κ
2/ω0. If we now consider
the case of larger phonon energy (ω0 = 2.0) we notice that negative SOPT and NECI
currents in the off-resonant regime disappear and all approaches again demonstrate a
similar ε0 dependency of the current.
Now we consider results obtained for nonzero number of thermally excited
equilibrium vibrational quanta. Namely, we assume that Nω = 1.0. In this case the first
Born approximation clearly reveals its current nonconserving nature. This is illustrated
in the lower panels of figure 3 where we can see that the left and right 1BA currents can
be very different from each other. Nevertheless, in the weak electron-phonon coupling
regime (κ = 0.5), all approached predict qualitatively similar dependence of the current
upon the electronic level ε0. Comparing the result for κ = 0.5, Nω = 1.0 with those for
κ = 0.5, Nω = 0 we notice that inclusion of thermally excited equilibrium vibrational
quanta into consideration produces slightly broadened current peak with a reduced
amplitude. When the coupling constant increases (κ = 1.0) SOPT and NECI approaches
again show unphysical negative current in the off-resonant regime when ε0 is below the
electrode chemical potentials. Moreover, for κ = 1.0 the electron-phonon coupling splits
the NECI∗ current peak, while NECI approach gives only one peak. For a larger phonon
energy, ω0 = 2.0, NECI
∗ predicts three pronounced peaks, while NECI gives only two
peaks. In addition, SOPT and 1BA show unphysically negative current for certain
values of ε0.
From the above consideretion it is evident that the configuration interaction method
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built on the coherent reference state is preferable when the electron-phonon coupling is
large or when there are thermally excited vibrational quanta in the system. This result
is not surprising since, contrary to NECI, NECI∗ method accounts for multi-photon
excitations and de-excitation processes which are important in these regimes.
Unfortunately, there is no exact result available for nonequilibrium Holstein model
in the strong leads-system coupling regime. Therefore, we cannot access the deviation
of the NECI∗ expansion from the exact solution at this moment and we do not see how
we can address this issue at the present stage of the theory development. In addition,
we have found that for the considered choice of parameters the NECI∗ method gives
physically reasonable results up to Nω . 20 for κ = 0.5 and Nω . 5 for κ = 1.0,
but for larger values of Nω the current becomes unphysical negative. This indicates
that the simple truncation of NECI∗ expansion is not sufficient and more complex
multi-quasiparticle and multi-phonon terms should be included into the density matrix
expansion.
5. Conclusions
We developed nonequilibrium configuration interaction method, which formally gives
the exact solution of out-of-equilibrium correlated many-body problem. Our approach is
based on a superoperator representation of the Lindblad master equation for the reduced
density matrix of the embedded quantum system. It was shown that the steady-state
density matrix can be decomposed in Liouville-Fock space in terms of nonequilibrium
multi-quasiparticle excitations above the reference vacuum state. The amplitudes of
these excitations provide a measure of the many-body nonequilibrium correlations.
The theory was applied to study the inelastic electron transport through the system
with electron-phonon interaction. To compute the current we used truncated expansion
of the steady-state density matrix. Two different reference states were considered: free-
field vacuum and coherent state. It was proved that both approximations are current
conserving in all orders of the density matrix expansion. The current through the
system was computed for different model parameters and compared with the second-
order perturbation theory and the first Born approximation results. It was shown that
the configuration interaction method based on the coherent reference state is superior
to the other approaches when the electron-phonon coupling is large or when there are
thermally excited vibrational quanta in the system.
The presented method can be readily applied for the electron transport calculations
for the system with electron-electron correlations. Extension of the method by inclusion
higher order multi-quasiparticle terms in to the density matrix expansion is also possible.
Another route is to extend the method to a dynamical nonequilibrium case by making
the amplitudes in the density matrix expansion time-dependent functions. All these will
be the subjects of our future investigations.
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Appendix A. Overview of the superoperator formalism
Here we briefly discuss the relevant to our paper details of Liouville-Fock space
superoperators, while the comprehensive description is given in [10, 25, 26]. We suppose
that the Fock space of the system under consideration is spanned by the complete
orthonormal set of basis vectors |m〉 = |m1, m2, . . .〉 which are eigenvectors of the
particle number operator:
a†kak |m〉 = mk |m〉,
∑
m
|m〉〈m| = I, 〈n|m〉 = δnm. (A.1)
The operators in the Fock space form themselves a linear vector space called the
Liouville-Fock space. The set of vectors |mn〉 ≡ |m〉〈n| constitutes a orthonormal basis
in the Liouville-Fock space. Thus, every Fock space operator A =
∑
mnAmn |m〉〈n| can
be considered as a Liouville-Fock space ket-vector |A〉 =
∑
mnAmn |mn〉. The adjoint
operator A† is represented by the bra-vector 〈A| .
The scalar product in the Liouville-Fock space is defined as 〈A1|A2〉 = Tr(A
†
1A2).
In particular, the scalar product of a vector |A〉 with 〈I| is equivalent to the trace
operation in the Fock space, 〈I|A〉 = Tr(A).
Now we introduce creation and annihilation superoperators. Fermion creation and
annihilation superoperators are defined as
aˆk |mn〉 ≡ ak |m〉〈n| , a˜k |mn〉 ≡ i(−1)
µ |m〉〈n| a†k
aˆ†k |mn〉 ≡ a
†
k |m〉〈n| , a˜
†
k |mn〉 ≡ i(−1)
µ |m〉〈n| ak, (A.2)
where µ =
∑
k(mk+nk). For bosonic creation and annihilation superoperators we drop
the phase factor i(−1)µ. So defined superoperators satisfy the same (anti)commutation
relations as their Fock space counterparts. Additionally, the basis vectors of the
Liouville-Fock space are super-particle number eigenvectors, i.e.,
aˆ†kaˆk |mn〉 = mk |mn〉, a˜
†
ka˜k |mn〉 = nk |mn〉. (A.3)
For an operator A = A(a†, a) we formally define two superoperators
Aˆ = A(aˆ†, aˆ), A˜ = A∗(a˜†, a˜) (A.4)
and refer to them as non-tilde and tilde superoperators, respectively. The connection
between non-tilde and tilde superoperators is given by the ”tilde conjugation rules”
(c1Aˆ1 + c2Aˆ2)˜ = c
∗
1A˜1 + c
∗
2A˜2,
(Aˆ1Aˆ2)˜ = A˜1A˜2, (A˜)˜ = Aˆ, (Aˆ
†)˜ = (A˜)†. (A.5)
With the help of superoperators an arbitrary Liouville-Fock space vector can be
represented as
|A〉 = Aˆ |I〉 = σAA˜
† |I〉. (A.6)
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Hereinafter, the phase σA = −i if A is a fermionic operator and σA = +1 if A is a
bosonic operator. We also define a Liouville-Fock space vector tilde conjugated to a
given one, |A〉˜ ≡ A˜ |I〉 = σ∗AAˆ
† |I〉. Therefore, if A is a Hermitian bosonic operator then
|A〉 is tilde-invariant, i.e., |A〉 = |A〉˜. The examples of tilde-invariant vectors are |I〉
and the density matrix |ρ〉 = ρˆ |I〉.
Considering the adjoint of (A.6) and assuming that Aˆ = aˆ or aˆ† we find
〈I| (aˆ† − σ∗aa˜) = 〈I| (a˜
† − σaaˆ) = 0. (A.7)
This gives us the idea introduce superoperator bˆ† = aˆ† − σ∗aa˜ and its tilde conjugate,
b˜† = a˜† − σaaˆ, which annihilate the bra-vector 〈I| .
For the product of operators the following relation is valid
|A1A2〉 = Aˆ1 |A2〉 = τA˜
†
2 |A1〉, (A.8)
where τ = i if both A1 and A2 are fermionic and τ = σA2 otherwise. With the help of
relations (A.8) the average of an operator A in the state with the density matrix ρ can
be calculated as the matrix element of the corresponding superoperator Aˆ sandwiched
between 〈I| and |ρ〉:
〈A〉 = Tr(Aρ) = 〈I|Aρ〉 = 〈I|Aˆ|ρ〉. (A.9)
Let us now consider the Lindblad master equation (6). In the Liouville-Fock space
this equation takes the form
i
d
dt
|ρ(t)〉 = |Hρ(t)〉 − |ρ(t)H〉+ i |Πρ(t)〉. (A.10)
Applying raltions (A.8), i.e., taking into account that |Hρ(t)〉 = Hˆ |ρ(t)〉, |ρ(t)H〉 =
H˜ |ρ(t)〉, |akαρ(t)a
†
kα〉 = aˆkα |ρ(t)a
†
kα〉 = iaˆkαa˜kα |ρ(t)〉, etc., we can rewrite this equation
in the Schro¨dineger-like form (10). The time evolution of the density matrix is governed
by the non-Hermitian Liouville superoperator L. Two important properties of L should
be noted: 1. Since the density matrix is tilde invariant, then (L)˜ = −L; 2. Taking
the time derivative of 〈I|ρ(t)〉 = 1 we find 〈I|L = 0, i.e., 〈I| is the left zero-eigenvalue
eigenvector of L.
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